In this work we define a numerical invariant called F -volume. This number extends the definition of F -threshold of a pair of ideals I and J, c J (I) to a sequence of ideals J, I 1 , . . . , I t . We obtain several properties that emulate those of the F -threshold. In particular, the F -volume detects F -pure complete intersections. In addition, we relate this invariant to the Hilbert-Kunz multiplicity.
Theorem A (see Theorem 2.12 and Definition 2.2). Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and J ⊆ R be an ideal such that I 1 , . . . , I t ⊆ √ J. Let V J I (p e ) = {(a 1 , . . . , a t ) ∈ N t | I a 1 1 · · · I at t ⊆ J [p e ] }. Then, the limit Vol J F (I) = lim e→∞ | V J I (p e )| p et converges, and it is called the F -volume of I with respect to J.
In the regular case, this limit as the sum of the volumes of the constancy region where τ (I a 1 1 . . . , I at t ) ⊆ J. The proof of Theorem A is based on a technical extension of the ideas of the case for a single ideal [DSNnBP18] . However, the case of multiple ideals is not a simple consequence of this case. We devote Section 2 to this proof. We also show a few properties of the F -volume that extend those of the F -thresholds.
If R is an F -pure ring, the F -volume is the measure of a set in R ℓ (see Propositions 3.5 and 4.5). In Section 4, we present this and other results for F -pure rings. In particular, we show that F -volumes detect F -pure complete intersections.
Theorem B (see Theorem 4.13). Suppose that (R, m, K) is a local regular ring. Let I ⊆ m be an ideal in R, and f = f 1 , . . . , f t be minimal generators of I. Then, Vol m F (f ) = 1 if and only if I is an F -pure complete intersection.
In Section 5, we relate the F -volume and the Hilbert-Kunz multiplicity. Specifically, we obtain the following result.
Theorem C (see Theorem 5.1). Suppose that (R, m, K) is a local ring. Let f = f 1 , . . . , f t be part of a system of parameters for R, I = (f ), and S = R/I. Then, e HK (JS; S) ≥ e HK (J; R) Vol J F (f ) for any m-primary ideal J, such that I ⊆ J.
In Remark 5.3, we relate Theorem C with a conjecture regarding the F -thresholds and the Hilbert-Kunz multiplicity [NBSar] . In particular, we improve an estimate given in previous results [NBSar] .
Existence and definition
In this section we prove a more general version of Theorem A. In order to do this, we start by introducing a couple of definitions. There are important p-families that relate to several limits in prime characteristic that measure singularities [SVdB97, HL02, Yao06, Tuc12, HJ18].
Definition 2.2. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and J • = {J p e } e∈N be a p-family of ideals in R such that I 1 , . . . , I t ⊆ √ J 1 . For each e ∈ N, we define 1 · · · I at t ⊆ J p e , then a n < µ(I n )ℓ n p e for all n ∈ {1, . . . , t}. Thus, | V J• I (p e )| ≤ p et t n=1 µ(I n )ℓ n for every e ∈ N. Therefore, the sequence
We now recall a well-known lemma to the experts (see for instance [DSNnBP18, Lemma 3.2]).
Lemma 2.4. Let a ⊆ R be an ideal. Then, for every r ≥ (µ(a) + s − 1)p e , we have that a r = a r−sp e (a [p e ] ) s .
Towards proving Theorem A, we need to introduce notation to describe different objects.
Notation 2.5. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and a = (a 1 , . . . , a t ) ∈ N t . We denote (⌈a 1 ⌉, . . . , ⌈a t ⌉) by ⌈a⌉. We write I a to denote I a 1 1 · · · I at t . Additionally, for each x = (x 1 , . . . , x t ) ∈ R t , we write x n to denote (x 1 , . . . , x n−1 , x n+1 , . . . , x t ). Let e 1 , e 2 ∈ N. Let C be a subset of 1 p e 1 N t . We denote the set x=(x 1 ,...,xt)∈C y = (y 1 , . . . , y t ) ∈ 1 p e 1 +e 2 N t :
by H e 1 ,e 2 (C). Finally, we use 1 to denote the element of N t whose coordinates are all 1.
Definition 2.6. Let e 1 ∈ N. Let C be a subset of 1 p e 1 N t . We say that x ∈ C is a border point of C if x + 1 p e 1 1 ∈ C. We denote by ∂C the set of all border points in C. Notation 2.7. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, J • = {J p e } e∈N be a p-family of ideals in R such that I 1 , . . . , I t ⊆ √ J 1 , and µ = max{µ(I 1 ), . . . , µ(I t )}. Consider e 1 , e 2 ∈ N.
• R e 1 ,e 2 = H e 1 ,e 2 ( 1 p e 1 V J• I (p e 1 )), and • L e 1 ,e 2 = H e 1 ,e 2 ∂ 1 p e 1 V J• I (p e 1 ) ∪ B(I) e 1 + 1 p e 1 {0, . . . , µ}1 . Roughly speaking, R e 1 ,e 2 is the result of filling the set 1 p e 1 V J• I (p e 1 ) when considered as a subset of 1 p e 1 +e 2 N t . Similarly we can think of L e 1 ,e 2 as the result of filling the subset of 1 p e 1 +e 2 N t consisting of points in 1 p e 1 N t that are in the line segments joining x ∈ ∂ 1 p e 1 V J• I (p e 1 ) ∪ B(I) e 1 with x + 1 p e 1 µ1.
We now show an example that illustrates the regions previously described.
where K is a field of characteristic p = 2. Consider m = (x, y), the maximal ideal of R. Let I = xR, (y 2 + x)R. Then we have that
Note that µ = 1 and ℓ 1 = ℓ 2 = 1. It follows that
Additionally, we have the following equalities
• R e 1 ,e 2 = x∈ 1 p e 1 V m I (p e 1 ) [0, x 1 ] × · · · × [0, x t ] ∩ 1 p e 1 +e 2 N 2 , • L e 1 ,e 2 = H e 1 ,e 2 ∂ 1 p e 1 V m I (p e 1 ) ∪ B(I) e 1 + 1 p e 1 {0, 1}1 .
The following figures show the regions of interest in the case e 1 = 2, e 2 = 1, µ = 1. The blue circles represent 1 p e 1 V m I (p e 1 ). The blue circles together with the red squares represent R e 1 ,e 2 . The border points of 1 p e 1 V m I (p e 1 ) ∪ B(I) e 1 are represented by the green triangles. The orange stars represent the elements of the set L e 1 ,e 2 . We explore this discussion further in Example 2.14.
Remark 2.9. Let e 1 be a positive integer and let I = I 1 , . . . , I t ⊆ R be a sequence of ideals.
Notice that, if (x 1 , . . . , x t ) ∈ 1 p e 1 V J• I (p e 1 ), we have that y ∈ 1 p e 1 V J• I (p e 1 ) and y s ∈ B s (I) e 1 by Remark 2.3. On the other hand, if x = (x 1 , . . . , x t ) ∈ B(I) e 1 , then min{x i : i ∈ {1, . . . , t}}) = 0 and y = x. Hence y s ∈ B s (I) e 1 . Thus φ is well-defined. Now suppose φ(x 1 , . . . , x n ) = φ(z 1 , . . . ., z n ). It follows that (z 1 , . . . ., z t ) − z s 1 = (x 1 , . . . , x t ) − x s 1. We can assume without loss of generality that z s ≥ x s . Then, we have that (z 1 , . . . , z t ) = (x 1 , . . . ,
We now start a series of lemmas towards proving Theorem A.
Lemma 2.10. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and J • = {J p e } e∈N be a p-family of ideals in R such that I 1 , . . . , I t ⊆ √ J 1 . We have that 1 p e 1 +e 2 V J• I (p e 1 +e 2 ) ⊆ R e 1 ,e 2 ∪ L e 1 ,e 2 Proof. Let x = (x 1 , . . . , x t ) ∈ 1 p e 1 +e 2 V J• I (p e 1 +e 2 ) be such that x ∈ R e 1 ,e 2 . By Remark 2.3, p e 1 +e 2 x n ≤ µ(I n )ℓ n p e 1 +e 2 for each n ∈ {1, . . . , t}. Hence, p e 1 x n ≤ µ(I n )ℓ n p e 1 and ⌈p e 1 x n ⌉ ≤ µ(I n )ℓ n p e 1 for each n ∈ {1, . . . , t}. Therefore, if x i = min{x 1 , . . . , x t }, we have
Hence, there exist a ∈ ∂ 1
On the other hand, by Lemma 2 with s = p e 1 a 1 , . . . ., p e 1 a t , we have
Therefore, we have that 0 ≤ r ≤ 1 p e 1 µ. Moreover, we have that
Lemma 2.11. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and
Proof. By Lemma 2.10, we have that
Let
Then,
Hence, we have that
We are now ready to prove the main result of this section which appears in the introduction as Theorem A. Proof. For each e 1 ∈ N, let A e 1 be as in Lemma 2.11. Then, for each e 1 , e 2 ∈ N, we have
Dividing by p e 1 t+e 2 t , we obtain
Thus, we have
It follows that
Therefore, the lim e→∞
Given Theorem 2.12, we are able to define the F -volume of a sequence of ideals with respect to a p-family. We justify the choice of this name in Section 4, where we show that this number gives a volume of certain region for F -pure rings.
Definition 2.13. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and J • = {J p e } e∈N be a p-family of ideals in R such that I 1 , . . . , I t ⊆ √ J 1 . We define the F -volume of the sequence I with respect to the p-family J • = {J p e } e∈N by
If
is denoted by Vol J F (I), and we call it the F -volume of the sequence I with respect to J.
We end this section providing an example that shows that different generators of an ideal do not necessarily give equal volumes, that is, if we take two ideals I, J such that I ⊆ √ J, and I = (f 1 , . . . , f t ) = (g 1 , . . . , g s ) with f = g. Then, it is possible to have Vol J F (f ) = Vol J F (g). Example 2.14. We take R = K[[x, y]] with K an F -finite field of characteristic p = 2. Let I = (x, y 2 ) = (x, y 2 + x), m = (x, y), f = x, y 2 and g = x, y 2 + x.
Let us compute Vol m F (f ). We note that for a, b, e ∈ N,
Hence, V m f (p e ) = [0, p e − 1] × 0, p e −2 2 ∩ N 2 . Thus, | V m f (p e )| = p 2e 2 . Therefore,
Let us compute Vol m F (g). We note that V m f (p e ) ⊆ V m g (p e ). We show that
), it is enough to show that ( p e −2 2 , p e − 1) ∈ V m g (p e ), and that ( p e 2 , p e 2 ) ∈ V m g (p e ). We have that 
First properties
In this section we discuss basic properties of the F -volumes. In particular, we focus on those properties that resemble the properties of the F -thresholds.
Proposition 3.1. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and a, J ⊆ R be two ideals such that I 1 , . . . , I t ⊆ √ J. Then, the following statements hold.
(1) If J ⊆ a, then Vol a F (I) ≤ Vol J F (I);
(2) Vol J [p] F (I) = p t Vol J F (I). (1) Since J ⊆ a, we have V a I (p e ) ⊆ V J I (p e ) for every e ∈ N. 
.
We now show that F -volumes are not affected by integral closure. Proof. Since I 1 ⊆ I 1 is a reduction, there exists ℓ ∈ N >0 such that I 1 n ⊆ I n−ℓ 1 for every n ∈ N. We consider the set
For all β ∈ H, we denote b β as the largest nonnegative integer such that
We show that Let (a 1 , . . . , a t ) be an element of V J• I 1 ,I 2 ,...,It (p e )\ V J• I (p e ). Thus, a = (a 2 , . . . , a t ) ∈ H. We have that I 1 ba I a 2 2 · · · I at t ⊆ I ba−ℓ 1 I a 2 2 · · · I at t . We deduce that
In addition,
where the last inequality follows because H ⊆ V J• I 2 ,...,It (p e ). Since
we obtain that
Therefore,
. . , I t ).
We now start describing objects that give us an alternative description to F -volumes. These descriptions will play an important role in the following sections. Proof. We note that V J• I (p e ) ⊆ V J• I (p e ) and
We obtain that
where the last equality follows from the fact that
We conclude that
We end this section with an upper bound for the F -volume in terms of the F -threshold.
Corollary 3.6. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and J ⊆ R be an ideal such that I 1 , . . . , I t ⊆ √ J. Let c = c J (I 1 + · · · + I t ). Then, Vol J F (I) ≤ c t t! . Proof. Let I = I 1 + · · · + I t . For α, e ∈ N, we have I α ⊆ J [p e ] if and only if there exists a = (a 1 , . . . , a t ) ∈ N t with a 1 + · · · + a t = α such that I a ⊆ J [p e ] . Hence, ν J I (p e ) = max{|a| | a ∈ V J I (p e )}. Additionally, for every a ∈ B J (I; p e ) there exists b ∈ V J I (p e ) such that |p e a| ≤ |b|. Consequently, we have that
Let ν(p e ) = ν J I (p e ) p e . We use H(p e ) to denote the set
Then we have that B J (I; p e ) ⊆ H(p e ). Thus, Vol( B J (I; p e )) ≤ Vol(H(p e )) = ν(p e ) t t! . As a consequence, we have that
Since lim e→∞ ν(p e ) = c, it follows that Vol J F (I) ≤ c t t! .
Properties for F-pure rings
In this section we focus on F -pure rings. In particular, in Proposition 4.5 we prove that the F -volume is in fact the volume of an object in a real space. We also provide a few properties that hold only in this case. Definition 4.3. Suppose that R is an F -pure ring. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals, and J • = {J p e } e∈N be a p-family of ideals in R such that I 1 , . . . , I t ⊆ √ J 1 . We take
).
Suppose that (R, m, K) is an F -finite regular local ring. Let I = I 1 , . . . , I t ⊆ R be a sequence of ideals. The mixed test ideals τ (I a 1 1 · · · I at t ) are important objects studied in birrational geometry [HY03, BMS08, Pér13] . The set B m (I) is the first constancy region for these ideals [Pér13] . Furthermore, B J (I) is the union of the constancy regions whose test ideal is not contained in J.
If the ring is not regular, then B m (I) is no longer a constancy region. To see this, it suffices to look at the case where t = 1, and take any example where the F -threshold c m (m) = fpt(m) (e.g. [MOY10] ).
We now introduce another basic property for F -volumes for F -pure rings. is decreasing, and bounded below by zero. As a consequence, it converges to a limit as e approaches infinity. Note that, for every nonnegative integer e, we have that
We now characterize F -pure complete intersections in terms of F -volumes. This is along the same lines of how the F -pure threshold of a hypersurface characterizes, via Fedder's Criterion [Fed83] , when this variety if F -pure. Proof. We suppose that Vol m F (f ) = 1. Then c m (I) = t = µ(I) by Proposition 4.12. Thus, µ(I) = c m (I) ≤ ht(I) ≤ µ(I). We conclude that ht(I) = µ(I). Hence, f 1 , . . . , f t is a regular sequence in R. Therefore, I is an F -pure complete intersection.
For the other direction, we show that [0, 1) t = B m (f ). Let a ∈ [0, 1) t . Then, max{a i } ≤ p e −1 p e for some e ∈ N. Since I is an F -pure ideal, R/I is an F -pure ring. Since f 1 , . . . , f t is a regular sequence in R, we have that f p e −1 ∈ m [p e ] by Fedder's criterion [Fed83, Proposition 2.1]. Then, (p e − 1, . . . , p e − 1) ∈ V J f (p e ). We conclude that a ∈ B m (f ; p e ) ⊆ B m (f ). Therefore, Vol m F (f ) = 1.
Relations with Hilbert-Kunz multiplicities
In this section we relate the F -volume with Hilbert-Kunz multiplicities. This is related to previous work done for F -thresholds and these multiplicities [NBSar] . We start proving Theorem C.
After taking the limit as e → ∞, we obtain the desired inequality.
We now recall a conjecture that relates the Hilbert-Kunz multiplicity and F -thresholds.
Conjecture 5.2 ( [NBSar] ). Let (R, m, K) be a local ring. Let I ⊆ R be an ideal generated by a part of a system of parameters (f 1 , . . . , f ℓ ). Let R = R/I. Let J be an m-primary ideal. Then, e HK (J) ≤ e HK (JR) (c J (I)) ℓ ℓ ℓ . Remark 5.3. Related inequalities to Conjecture 5.2 that were previously obtained [NBSar] are the following e HK (J) ≤ e HK (JR) (c J (I)) ℓ ℓ! . and e HK (J) ≤ e HK (JR)c J (f 1 ) · · · c J (f ℓ ). By Corollary 3.6, Vol J F (f ) ≤ (c J (I)) ℓ ℓ! By Proposition 3.1(3), we have that Vol J F (f ) ≤ c J (f 1 ) · · · c J (f ℓ ). Therefore, Theorem 5.1 is a refinement of the results previously mentioned.
